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I 
We fulfil a long-overdue obligation when we retrace the life of the 
well-known Hungarian mathematician D&es K&rig and recognize his 
achievements. Two anniversaries make this particularly timely: the anniver- 
sary of his 80th birthday and the 29th anniversary of his tragic death. 
Denes K&rig was born on 21 September 1884 in Budapest. His father, 
Gyula K&rig, was an eminent professor of mathematics at the Technological 
University of Budapest. He completed his studies in one of the best schools 
(a Gymnasium) in Budapest. In addition to the influence of the parental 
home, the guidance of his outstanding high-school teachers Mano Beke and 
Miklos Szijjirto also furthered the early development of his talent. In 1899, 
while he was a high-school student, his first paper was published in Matema- 
tikai ~5s Fizikai Lqok [l]. In this he gives an elementary discussion of two 
extreme-value problems. In 1902, following the baccalaureat, he won the 
first prize of the Lorand Eotvos mathematical competition for high-school 
students. Also in 1992, his first work was published, the first volume of his 
book Mathematical Recreations [I]. He wrote this volume while he was still 
in high school. The first and the second vohune [II], published in 1995, 
constituted a very successful selection. This is the first high-quality work on 
recreational mathematics written in Hungarian. During the six decades that 
have passed since then, no original Hungarian book has been published on 
this topic. K&rig’s book was published for a second time in 1915, and to the 
best of our knowledge, it will be published once again in the near future. 
He attended the first four semesters of his university classes at the 
University of Budapest, and the last five at the University of Giittingen. It 
may be of some interest to mention that, as witnessed by his notes, in the 
academic year 1904/5 he attended in Gottingen Minkowski’s “Analysis 
Situs” lectures. In these, in addition to the characterization of the topological 
*This article is a translation by Emeric Deutsch and Peter Orlik (with comments by 
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properties of two-dimensional surfaces and the generation of various normal 
types, Minkowski intended to present a proof, given by Wemicke, of the 
four-color conjecture. Only during the presentation of prehminary steps of 
the proof did it turn out that the proof was erroneous, and so only the proof 
of the five-color theorem was presented. The lectures of the distinguished 
professor at G&ingen must have had a great influence on Konig’s subject 
selection; however, these lectures were not his earliest encounters with the 
problems of combinatorial topology, since he must have met with such 
problems while he compiled the material for his Mathematical Recreations. 
After finishing his studies he obtained, in 1907, the degree of doctor of 
philosophy, with a dissertation [3] on a geometrical topic. In the same year 
he worked as Demonstrator at the Polytechnical University of Budapest. 
From that time until his death in 1944 he remained attached to the 
Polytechnical University. In the academic year 1908/g, as Assistant to the 
Professor, he conducted problem sessions, and in the catalog of the 1910/11 
academic year he appeared as first assistant. In 1911 he was appointed 
Privatdozent of “Nomography, Analysis Situs and Set Theory”; and in the 
academic year 1911/ 12 he announced his first lecture, called “Analysis 
Situs”. From that time on he gave lectures as Privatdozent almost every year. 
We find the following titles in the catalogs: Analysis Situs, Nomography, 
Real Numbers, Set Theory, Real Numbers and Functions, Graph Theory. He 
announced lectures with the title “Graph Theory” first in 1927/28, but the 
topic appears in his lectures beginning with 1911; his Analysis Situs lectures 
also contained graph-theoretic chapters. 
Beginning with the academic year 1913/14, and continuing until 1927, as 
an Invited Lecturer, he taught mathematics to architecture and chemistry 
students. In 1920, he published the material of his lectures as a book [Iv]. 
Starting from 1927, in addition to his lectures as Privatdozent, he conducted 
problem sessions for engineering students. In 1932 he was appointed Ex- 
traordinary (Ausserordentlicher) Professor of the Polytechnical University, 
and in 1935 he was appointed Professor at this university. 
D&es Konig, like his father, played a very active role in our mathemati- 
cal community throughout his life. The most important area of this activity 
was the Lorand Eotvos Mathematical and Physical Society. In 1907 he was 
already a member of the Society, and beginning with 1908 he participated 
actively in its work: he became a member of the jury for the Lorand Eotvos 
mathematical competition. He retained this function until the end of his life: 
from 1912 to I942 he was a secretary, and from 1942 the chairman of the 
committee. For many years Konig also compiled the competition problems 
and organized the competitions. In 1933 he was elected secretary of the 
Society as successor of Lip& Fejer, and he held this office until the end of 
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his life. Beginning with 1933, with Bela Pogany, and from 1940 with Rudolf 
Ortvay, he was the editor of the journal of the Society, the Matematikai 6s 
Fizikai Lapok.’ In those times, in addition to the actual editing work, the 
editors’ duties included raising the money needed for the support of the 
journal. The small state support was not sufficient to ensure publication of 
the journal, and additional money had to be collected from institutions and 
private persons. 
In order to commemorate Gyula K&rig, who died in 1913, D&es Kijnig 
and his brother Gyorgy K&rig founded an endowment in 1918. From the 
interest on the endowment they intended to reward the activities of young 
researchers with a “Gyula K&rig Award”. Although the endowment lost its 
value, a medal, which was later given instead of the monetary award, assured 
high scientific recognition to its recipient. Konig, also as an editor of the 
Matemutikai 13s Fizikai Lapok, considered it to be his duty to support young 
mathematicians, and he gave every assistance for the publication of disserta- 
tions and other papers of young researchers. 
However, his most significant support of young mathematicians was 
imparted through his teaching activity. Although his lectures were attended 
by few, this small group of enthusiasts had the opportunity of becoming 
acquainted there with several chapters of modem mathematics and with a 
newly born mathematical discipline, the theory of graphs. Konig was a good 
lecturer, could illuminate the essential points, knew how to arouse interest 
and, being one of the most knowledgeable scholars in graph theory, could 
raise many interesting open questions. His lectures influenced many to study 
graph-theoretical problems. Without doubt, it is to K&rig’s credit that the 
names and results of so many Hungarian mathematicians are known in the 
theory of graphs. Directly or indirectly, all of us started to work in graph 
theory under his influence. Konig’s activity played an important role in 
inspiring graph-theoretic papers by Jeno Egervary, I&z16 Egyed, Pal Erdiis, 
Gyorgy Hajos, Jbzsef Krausz, Tibor Szele, Pal Turan, Endre Vizsonyi and 
many other Hungarian mathematicians. 
A few words about D&es K&rig’s personality. He was a cheerful, 
sparkling man. He loved company; he enjoyed telling anecdotes. With his 
sarcastic humor he could entertain his company superbly. He liked his 
colleagues and was an indispensable participant in the coffee-house meetings 
of mathematicians. In 1944 he expended great effort to help persecuted 
‘Author’s addendum (1977): During the last years of the Second World War the Society’s 
functioning was made impossible; and after the war the Society did not continue in its original 
format. A new, purely mathematical society was established in 1947: the J&OS Bolyai Mathe- 
matical Society. Its journal is the Matemutikui Lupok. 
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mathematicians, but October 15 prevented him from fulfilhng his plans.’ 
This sad turn of events had also become the cause of his tragedy. On 19 
October 1944, he sought refuge from persecution in death. 
II 
Denes Konig’s most important contributions are in graph theory. His 
name is attached to a number of fundamental theorems. No less important 
than his results is his success in making graph theory widely known and 
appreciated. Through his efforts graph theory grew from a popular branch of 
mathematical recreation to an important mathematical discipline. He was 
never discouraged by disparaging views and firmly believed in the “future” 
of graph theory. I can still recall the opening words of his lectures on graph 
theory in the fall of 1930: “Graph theory is one of the most interesting 
mathematical disciplines”. His 1936 book, The&e der endichen und tmend- 
lichen Graphen [V] had a significant impact on the development of graph 
theory. This is the first truly scientific book devoted entirely to graph theory. 
Prior to it the problems of graph theory were only discussed in mathematics 
and physics papers, encyclopedia articles and more or less popular books on 
mathematical recreation. These were often lacking the mathematical rigor 
particularly indispensable in graph theory, where many ideas have intuitive 
origin. Konig collected in his book almost all the significant results of 
combinatorial graph theory, making many hard-to-find problems accessible. 
His monograph was also distinguished by the careful planning of the 
material, the precision of its language, and the completeness of its bibliogra- 
phy. The informal and comprehensible style and many interesting problems 
of the book evoked the interest of many young mathematicians in graph 
theory, The book exerted its greatest influence after the war. It was reissued 
in the United States in 1950 by photographic offset. The Hungarian 
Academy and an American publisher are currently considering a new 
edition. In the 20 years between 1936 and 1958 (when C. Berge’s book on 
graph theory appeared), Konig’s book was the only available monograph on 
graph theory. A large number of graph-theoretic articles refer to K&g’s 
book. (I shall return to its description later.) 
2Authors addendum (1977): On 15 October 1944 some Hungarian leaders, in cooperation 
with anti-German forces, attempted to ally the Hungarian Army with the Soviet troops who 
were at that time already fighting on Hungarian soil. The occupying German forces aborted this 
attempt and transferred civil authority to their onqucstioningly loyal servants, the Hungarian 
National Social% Party. tines K&g’s parents were of Jewish origin, but he was born a 
Chris&n and therefore exempted from wearing the yellow star of David before October 15. 
After this turn of events however, his fate would have been that of the other Hungarian Jews. 
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The sharp sense of critical judgement and mathematical precision char- 
acterize not only his book, but all his scientific production. He noticed 
hidden gaps and considered patiently the large number of cases often 
present in graph-theoretic proofs. He also had a sharp eye for observing and 
revealing the combinatorial-graph-theoretic core in many unrelated results 
from different fields. He was constantly seeking applications of graph theory 
and its connections with other branches of mathematics. He paid careful 
attention to finding all the literature relevant to his own papers. His 
references are accurate and detailed. The discussion is often studded with 
footnotes presenting the reader with the history of the problem. 
III 
In addition to strictly graph-theoretical problems, Konig’s work is mainly 
in set theory and in geometric and combinatorial topology. Let me first 
mention his 1922 article [20] which belongs to none of these subjects. That 
paper contains the solution to the following problem, along with some 
generalizations. Let a,,, a,, . , . be an infinite sequence, each element being 0 
or 1, and define the sequences ail, uiz, . . . (i = 1,2,. . . ) with the aid of the 
recursion formula ai, = ai _ i k + ai _ i k + 1. State necessq conditiom for the 
sequence uai, aas,. . . to ensure that starting from some i, each element of the 
sequence uil,uiz,. . . is s-0 (mod 2). 
Two of K&rig’s set-theory papers are not related to graph theory. In the 
1908 paper [4] he gives a new proof for the equality m = 2m (m is an 
arbitrary infinite cardinal number). Instead of applying Zermelo’s well-order- 
ing theorem, he uses the hypothesis that if H is a set with more than one 
element, then there exists a one-to-one mapping of H onto itself, with no 
element equal to its image. The other paper was written with A. Haar [5] in 
1909. In it they extend some fundamental results known for subsets of the 
real line (the Heine-Bore1 theorem, the Cantor-Bend&on theorem, the 
Bolzano-Weierstrass theorem) to arbitrary ordered sets. 
In connection with his work on set theory I would like to mention his 
article on logical paradoxes [7J. This paper is concerned with the paradoxes 
of Russell and Richard. He surveys the attempts by Poincare and Russell to 
avoid such paradoxes and the objections raised by Peano and Zermelo 
against these attempts. In his opinion one must accept the Poincare-type 
nonpredicative categories or definitions provided they can be supplemented 
with existence proofs. 
His doctoral dissertation of I907 [3] was on a geometrical topic. It 
investigates certain “real and imaginary rotations” (distance-preserving 
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transformations with fixed point) of the Euclidean n-space (n > 3), and 
considers finite subgroups of these transformations which preserve one of the 
three regular solids which exist for all n > 3. It investigates which of these 
groups are simple and considers the characteristic properties of the individ- 
ual rotations. One of the results: the dimension of the “axis of rotation” of an 
n-simplex is 1 less than the number of cycles of the vertex permutation 
which determines the rotation. 
The article written jointly with A. Sziics in 1913 [W] also has a geometric 
flavor. They discuss the path of a point with initial velocity <a inside a cube 
with reflecting sides. The result: the path is periodic if and only if the 
quotient of any two of the directional cosines of ii,, is rational (in short: a 
vector with rational ratios); if Ua is not perpendicular to any vector with 
rational ratios, then the path is everywhere dense in the cube, and if C,, is 
perpendicular to exactly one vector with rational ratios, then the path is on 
the surface of a polyhedron and is everywhere dense there. This paper is 
quoted in Weyl’s famous article “tier die Gleichverteilung von Zahlen mod. 
Eins” and in Hardy and Wright’s well-known book on number theory. Their 
method is utilized by Egervary and Turan3 in their work on a model for ideal 
gases. 
In a 1922 paper [22] he gives a new proof for the well-known theorem of 
Helly. This proof agrees with Helly’s original proof, which was first pub- 
lished only in 1923. (Helly found the result in 1913. It was first published in 
a paper of Radon in 1921, with a proof which is entirely different from Helly 
and Konig’s.) 
Among K&rig’s papers on combinatorial topology I shall first mention the 
geometrical papers [lo] and [12] written in 1912. In these he proves that 
projective n-space is orientable for odd n and non-orientable for even n. In 
these papers he also considers orientable n-manifolds for which-in analogy 
with a centrally symmetric simplicial subdivision of the sphere in which 
antipodal simplices correspond-the set of simplices admits an incidence and 
dimension preserving one-to-one mapping, with no simplex being its own 
image. 
Konig’s notable book The Elements of Analysis Situs appeared in 1918 
[III]. He treats the topology of orientable 2-manifolds in a way accessible to 
beginners. This book was the first on this topic not only in domestic, but in 
the international mathematical literature as well. Prior to it there were 
neither textbooks nor monographs in this area (the only available literature 
was on Riemann surfaces). No book on a similar subject has appeared in 
Hungarian since. Several Hungarian mathematicians learned the topology of 
3J. Egerviry and P. Turin, On some questions of the kinetic theory of gases, Magyar Tud. 
Akud. Mat. Fiz. OS& Kayei 1 (K-)51), 3K3-314. 
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surfaces from K&rig’s book. Out of consideration for the beginner, Kijnig 
uses an intuitive approach. The book proves the main classification theorem 
and describes the various normal forms. The presentation is very careful. He 
often finds new approaches to concepts and proofs; in particular, he gives a 
simplified version of the reduction to normal form. For several proofs he also 
filled the gaps that existed in the literature. 
IV 
Konig’s first papers in graph theory belong to the area called topological 
relative graph theory, concerned with the possibility of realizing a graph on a 
surface, and with properties related to such realizability. In his first graph- 
theoretic paper [Z] of 1905 he proves that if the planar map of a country has 
a simple closed boundary and all of its counties have a common line segment 
with the boundary, then the counties may be colored with three colors SO 
that neighboring ones have different colors. 
In the two 1911 papers [8, 91, he investigates the interesting question of 
when a given graph may be realized on an orientable surface of given genus. 
He proves that every graph is realized on an orientable surface of sufficiently 
high genus, and introduces the notion of the genus of a graph: the graph G 
has genus p if G may be realized on an orientable surface of genus p but not 
on an orientable surface of any lower genus. He proves that if G has genus p 
and it is drawn on an orientable surface of genus p, then G divides the 
surface into components each of which is homeomorphic to the interior of a 
disk. He also considers the problem of determining the genus of a graph from 
its intrinsic combinatorial properties. These investigations led to new re- 
search. They were complemented and developed further by Endre Vazsonyi 
in 1937; and in recent years several American mathematicians have con- 
ducted detailed investigations of the genus of a graph. 
Konig’s best-known results are in combinatorial (absolute) graph theory. 
He first reported on his work in this area in Paris in 1914, at the first 
mathematical-philosophical congress. (The text of this lecture did not appear 
in print until 1923 [14]). He published his most important results, with their 
applications to the theory of determinants, in 1916 [18]. A footnote to that 
work explains that he was led to these investigations by a problem in set 
theory. His father, Gyula KSnig, gave in 1906 a simple new proof of the 
equivalence theorem of set theory. This proof is very well illustrated by using 
graph-theoretic concepts (see [v], p. 85). D&es Konig attempted to use his 
father’s method of employing graphs to prove the following theorem of 
Bernstein: If m and n are arbitrary cardinal numbers and k is a natural 
number, then the equality km = kn implies m = n. The idea is the following: 
196 TIBOR GALLAI 
Let A have cardinality m, and B cardinality 12, and represent their elements 
as points. To each point of A assign k new points (distinct points to distinct 
points of A), and connect the points of A with one edge to each of the 
associated k points. The set of new points, A’, has cardinality Ion. Do the 
same for B. The equality km= kn implies that A’ and B’ are equivalent. 
Consider a one-to-one map between A’ and B’, and connect corresponding 
points with edges. (Figure 1 illustrates the case k = 3.) The points of A and B 
are now connected with three-edged paths; in particular, each point of A 
and B is the origin of k paths. Of all our paths any two can have common 
points only at the endpoints. If we no longer consider the points A’ and B’ as 
vertices of the graph (i.e., the new edges consist of three of the old ones), we 
obtain a graph G whose set of vertices is A u B, each of whose edges 
connects one vertex of A with one of B, and each vertex is incident to k 
edges. (G is called a regular bipartite graph of degree k.4) If it is possible to 
choose edges in G which have mutually distinct endpoints and which 
together contain all the vertices of G (such a system of edges is called a 
4A graph is regular if all its vertices have the same degree (i.e. are incident to the same 
number of edges). A graph is bipartite if its vertices may be divided into two classes so that 
edges connect only vertices of different classes. 
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factor of first degree), then these edges represent a one-to-one correspon- 
dence between A and B, proving m = n. Apart from the cases k = 1,2, Kihig 
could not yet prove the existence of such a factor of the first degree in [18]. 
However, he established it for finite graphs. This may be used, although not 
directly, to give a simple proof of the Bernstein theorem ([18] contains this 
proof). One of the distinctions of [18] is that it is the first appearance of 
problems concerning infinite graphs. K&rig, in the course of his later 
research, never failed to investigate whether the result under consideration 
might be extended to infinite graphs. He considered this sufficiently im- 
portant to stress it in the title of his book. These considerations initiated 
numerous further investigations. 
We must return to the main result of [18]: the theorem already men- 
tioned regarding finite graphs. This can be briefly formulated as follows: 
THEOREM 1. Every finite regular bipartite graph of &gree k (k is a 
natural number) possesses a factor of the first degree. 
This remarkable theorem is one of the most beautiful results of graph theory. 
It is usually cited together with Konig’s name. A slightly weaker statement, 
which is easily understood, can be formulated in the folIowing manner (see 
[VI, p. 175): If, t d a a ancing party, every man is acquainted with k (k > 1) 
women, and every woman is acquainted with k men, then one can pair them 
in such a way that each pair consists of acquaintances. 
In [18] Kijnig raised the question of the natural generalization of Theo- 
rem 1 to infinite graphs. He even formulated the general conjecture, but 
there he could carry out the proof onIy for graphs of the second degree. 
In [18] one can also find the following simple corollary to Theorem 1: 
THEOREM 2. Zf the elements of an n X n matrix M are nonnegative 
integers, and all TOW sums and column sums are equal to the same positive 
number k, then M is the sum of k n x n permutation matrices.’ 
This statement is very close to G. Birkhoffs well-known theorem according 
to which each nX n doubly stochastic matrix is the linear combination of 
n X n permutation matrices with nonnegative coefficients whose sum is equal 
to 1. As a matter of fact, this theorem of Birkhoff can be very easily derived 
from the following corollary of Theorem 1 which is also formulated in [18]: 
THEOREM 3. If the elements of a determinant are nonnegative integers, 
and all row sums and column sums are equal to the same positive number, 
then the determinant has a nonzero expansion term. 
5By an n X n permutation matrix we mean a matrix which has a single 1 in each row and 
column, and all other elements are 0. 
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Ktinig established the relationship between matrices (determinants) and 
bipartite graphs by assigning a vertex to each row and another to each 
column of the matrix: two vertices are joined by an edge if and only if there 
is a nonzero element at the intersection of the corresponding row and 
column. 
The proof given by Konig to his graph-theoretic theorem is worth 
mentioning. He makes use of one of the most effective processes in graph 
theory, the method of alternating paths. As a matter of fact, he proves the 
following assertion, which is stronger than Theorem 1: If each point of a 
finite bipartite graph is incident with at most k edges, then one can color the 
edges of the graph with k colors in such a way that two identically colored 
edges are never incident with the same vertex. Although, basically, this 
generalization does not say more than Theorem 1, its formulation had 
important consequences: it has furthered the generalization of the theorem 
to infinite graphs. 
We encounter alternating paths in Konig’s works for the first time not in 
[18] but in [17J, which was published in 1915. Also here we find for the first 
time the important relationship between bipartite graphs and matrices 
mentioned above. The origin of [17] was the following theorem of Frobenius: 
If the different nonzero elements of an &-order determinant are considered 
as independent variables, then D is a reducible polynomial in these variables 
if and only if there exist T rows and n-r columns in D (r is one of the 
numbers 1 2 , , . . . ,n - 1) all of whose intersections are 0. Frobenius found this 
theorem in connection with the investigation of nonnegative matrices. His 
proof, related to these investigations, was rather complicated. It is to K&g’s 
credit that he observed the combinatorial essence of the theorem and of 
parts of its proof. This made possible the simple combinatorial (graph-theore- 
tic) proof of the theorem. The paper [17] contains this proof. 
In a paper [23] published in 1924, Konig tries to extend Theorem 2 to 
multidimensional matrices. The result is negative: He exhibits a 4 X4 X4 
(three-dimensional) matrix where each “line” contains two l’s and two O’s 
and which cannot be written as a sum of two 4 X 4 X 4 matrices having in 
each line one 1 and three 0’s. He also investigates the general case: namely, 
when an n x n x n (three-dimensional) matrix, where each line has two l’s 
and n -2 O’s, can be written as a sum of two “permutation” matrices. He 
proves that this can occur if and only if the two-dimensional complex 
associated with the matrix (more precisely the generalized two-dimensional 
surface) is orientable. He defines the two-dimensional complex of a matrix by 
the same procedure by which he associated bipartite graphs to ordinary 
matrices. The paper [23] is the first work in which “graph-theoretic” 
problems were raised in connection with two-dimensional complexes, i.e., 
with “two-dimensional graphs”. 
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The years 1925-26 brought significant results. Making use of an idea of 
Istvan Valko, it became possible to prove the conjecture formulated in [I81 
concerning the factorization of infinite bipartite graphs (the extension of 
Theorem 1 to infinite graphs). This is contained in his joint paper with Valki, 
[24]. Konig notices that the fundamental idea of the proof furnishes a general 
procedure which can be used for extending theorems from the finite to the 
infinite case. In 1926, in a longer paper [27], he first publishes the basis of 
the so-called infinity lemma which forms the basis of the procedure: Let 
P,,P,,... be an infinite sequence of pair-wise disjoint, finite, nonempty point 
sets, and let G be the graph in which the set of vertices is u ,‘E 1 Pi and each 
point of P,+l (n=l,2,3,... ) is joined by an edge with some point of P,,. 
Then there exists in G an infinite path xixara.. . for which xi E Pi (i = 
1,2,...). In [271 th e 1 emma occurs in a set-theoretic formulation; there also 
he gives two set-theoretic applications of the lemma. In 1927 he devoted a 
separate paper to the various applications of the lemma [28]: He proves a 
refinement of the Bore1 covering theorem due to de la Vallee Poussin; he 
proves Thorn’s statement that if, on a surface, every map consisting of a 
finite number of countries can be colored with k colors, then, on the same 
surface, every map consisting of an infinite number of countries can also be 
colored with k colors. He considered Zermelo’s investigations on the winning 
strategies for two-person games. He completed Zermelo’s definition of a 
winning position and, using the lemma, proved that if there are only finitely 
many possible moves in each position, then there exists an N depending on 
the winning position, such that the player in that winning position can win in 
fewer than N moves, 
In 1927 there appeared an article on the theory of curves by Menger in 
which he announced for the first time the result known as “n-chain tbeo- 
rem”. K&rig noticed the combinatorial frame of this theorem, and also that 
Menger’s proof failed to consider a case which is particularly interesting 
from the combinatorial point of view. This omitted case was first formulated 
and proved by Konig. He reported on the result and its formulation in 
matrix-theoretic terms at a meeting of the Lorind E&v& Mathematical and 
Physical Society on 26 March 1931. The text of his lecture appeared in the 
38th volume of Matemutikai b Fizikai Lapok [29]. The famous theorem 
which now bears Konig’s name is one of the most quoted in graph theory. 
Let us quote it in Konig’s original formulation. 
THEOREM 4. In a bipartite graph the minimal number of vertices which 
exhaust the edges equals the maximal number of edges no two of which 
have a common vertex6 
8A set of vertices is said to exhaust the edges if evev edge of the graph is incident with 
some vertex in the set. 
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The following matrix-theoretic formulation of this theorem, also given by 
K&rig, may be even better known: 
In every matrix the minimal number of lines7 which in their union 
contain all the nonzero elements is equul to the maximal number of nonzero 
elements which pairwise lie in distinct lines. 
Konig proved his theorem by the alternating path method. In the same 
year, 1931, Egervliry gave a simple new proof of the matrix form of Konig’s 
theorem together with an interesting generalization.8 Although EgervAry 
clearly states at the beginning of his paper that he is giving a new proof of 
Konig’s theorem and a generalization of it, recently Konig’s result has been 
mistakenly referred to as the EgervAry-Konig theorem. 
K&rig’s theorem became the starting point for numerous further investi- 
gations. Konig himself called the attention of the author of these commem- 
orative lines to searching for “maximum-minimum theorems” similar to his 
theorem (or to Menger’s theorem). The following dual statement is due to 
K&rig: If a (finite) bipartite graph has no isolated vertex, then the maximum 
number of independent vertices equals the minimum number of edges which 
exhaust the vertices.g In addition to the already mentioned generalization by 
Egervary, results of R. Rado, Ore, Ford, Fulkerson and the author of this 
memorial are closely related to Theorem 4. 
Interesting practical applications of Konig’s theorem were found in the 
1950s. Using K&rig’s theorem, the American mathematician H. W. Kuhn 
constructed a solution algorithm to the so-called assignment problem in 
mathematical economics. Kuhn, whose inspiration came from EgervAry’s 
generalization, called the process the “Hungarian method”, and it has 
become known by that name.” Since then the Hungarian method has been 
applied to other problems in economics. 
It is already mentioned in [29] that K&rig’s theorem is closely related to 
certain results of Frobenius on determinants. He explains these connections 
in an article that appeared in 1933 [31]. Among other things he shows how 
his theorem may be used to prove the reducibility theorem of Frobenius 
mentioned above. The same paper also presents a very nice theory of the 
articulation points of connected graphs and blocks of graphs. His paper [31] 
contains in addition a gap-free proof of Menger’s theorem and its generaliza- 
tion to infinite graphs. The question of this extension was posed by K&rig, 
and the proof is due to Pal Erdos. 
We call the rows and cohmms generically lines. 
sOn combinatorial properties of matrices, Mat. C!.S Fk Lupok 38 (1931), 16-28. 
aVertices of a graph are called independent if no two are connected with an edge. A set of 
edges is said to exhaust the vertices if each vertex is the endpoint of some edge in the set. 
“‘The Hungarian method for the assigmnent problem, Natal Res. Q. 2 (1955), 83-97. 
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Chronologically [3 l] was preceded by a short article [30] of 1932, which 
discussed the following finiteness theorem and two of its applications: Let 
a,, bi be nonnegative integers, and define the relation (a,, . . . ,a,) < (b,, . . . , b,,) 
if ai < bi for all i but equality does not hold for all i. Call two n-tuples 
incompatible if neither is less than the other. The following result holds: If 
any two of the n-triples of a set M are incompatible, then M is finite. One of 
the applications given is to invariant theory; the other is the proof of a 
graph-theoretic result of Petersen. 
v 
After this survey of Konig’s papers, I turn to the description of his major 
work, his book on graph theory. He spent many years of painstaking work on 
its composition. I have not been able to determine the date when he began 
writing it. It is clear, though, that the book was essentially finished by 1930. 
He researched all the relevant items in the literature. His remarks, com- 
ments, and particularly his footnotes contain the entire history of graph 
theory. A considerable part of the book is devoted to relations with other 
areas and applications. Mostly these are applications to set theory, matrix 
theory and the theory of games, but we find also group-theoretic and 
number-theoretic examples. The proofs, even when built on ideas of other 
authors, are with few exceptions due, in the form they appear in the book, to 
Konig. Among these we find some in almost every chapter which, strictly 
speaking, became complete proofs only in this book. He continued the 
systematic development of the theory of infinite graphs in his book. In 
connection with most problems he considered the case of infinite graphs, 
too. He posed a number of interesting questions; these problems have been 
the source of much valuable current research. 
Apart from enumeration problems and a few results of Whitney, all 
important results of combinatorial graph theory up to the early 1930s are in 
the book. The first of its 14 chapters contains careful definitions of the 
fundamental concepts and a few important results on paths and circuits. He 
also defines the automorphism group of a graph and asks the interesting 
question whether every finite group is isomorphic to the automorphism 
group of some graph. This was answered in the affirmative by Frucht in 
1938. This circle of ideas is still actively pursued by several mathematicians. 
The second chapter contains a discussion of Euler and Hamilton lines. 
He extends the questions to infinite and oriented graphs, and these problems 
have interested many mathematicians: in 1938 Erdos, Gallai and Vazsonyi 
solve the problem of Euler lines for infinite graphs; in 1939 Vaxsonyi proves 
that the graph of the n-dimensional lattice has an infinite Hamilton line also 
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for n >3. (Konig’s book only mentions the existence of these lines for 
n=2,3.) In the last d ecade interesting results have been obtained by Binge1 
and by Nash and Williams in connection with infinite Euler and Hamilton 
lines. The investigation of oriented Hamilton lines was continued by Szele in 
1943 and Ghouila-Houri in 1960. 
Chapter 3 considers various solutions of the labyrinth problem, eliminat- 
ing the gaps found in the literature. 
In Chapters 4 and 5 he discusses circuit-free graphs. He gives an 
exposition of theorems on cyclomatic numbers and the theory of centers of 
trees. Many of the results are extended to infinite graphs. 
He devotes Chapter 6 entirely to infinite graphs. In addition to a few 
results on infinite circuit-free graphs, this chapter contains the infinity 
lemma and the graph-theoretic proof of the equivalence theorem of set 
theory. 
Chapter 7 is concerned with the basis problem for oriented graphs. The 
first part gives two definitions of a point basis. The second of these attained 
importance in the theory of games. The second part of the chapter discusses 
edge bases. The content of this part-for finite graphs-is identical with the 
graph-theoretic interpretation of the logical-axiomatic work of P. Hertz. 
Chapter 8 presents applications of oriented graphs to logic, group theory 
and game theory. In addition to the work already mentioned in connection 
with [28], he gives here the graph-theoretic interpretation of various prob- 
lems. 
Chapter 9 discusses the linear forms associated with the cycles and stars 
of oriented graphs. Considering the graph as a l-complex, these linear forms 
are special l-dimensional chains. The investigations are related to Kirchhoff s 
results on electric circuits. In addition to the presentation and various 
generalizations, the results obtained for infinite graphs are also new here. At 
the end of the chapter he shows the applications of the results to electric 
circuits and their consequences for matrix theory. 
The results of Chapter 10 may be derived from the investigations of 
Chapter 9 by reducing the linear forms mod 2. Konig refers to this possibil- 
ity, but obtains the results independently of Chapter 9. Among other things 
he proves a result of Ahrens on the Euler subgraphs” found in a finite graph, 
thereby giving the first gap-free proof of this theorem. 
Chapter 11 discusses the factorization problem for finite regular graphs. 
The proof he gives for Petersen’s theorem, that every (finite) regular graph of 
even degree is the product of factors of the second degree, facilitates the 
extension to infinite graphs. This chapter contains his famous results on finite 
bipartite graphs already mentioned in connection with [18]. He gives two 
“By an Euler subgraph we mean a subgraph every vertex of which has even degree. 
DkNES KijNIG (1884-1944) 203 
new proofs for the main theorem and provides further applications of the 
result. 
In Chapter 12 he proves Petersen’s celebrated result that every regular 
graph of the third degree with no bridge contains a factor of the first degree. 
This theorem is one of the weightiest in the book. The proof given is due to 
Frink, but Konig deserves considerable credit for eliminating some of the 
shortcomings in it. 
Chapter I3 discusses the factorization of infinite regular graphs. Konig 
uses the infinity lemma to extend the theorem of Petersen on regular graphs 
of even degree to infinite graphs of finite degree. He also gives a set-theore- 
tic application of this extension. He proves that for every odd number 2a + 1 
there exists a regular factor-free infinite graph of that degree. In the 
remaining part of the chapter he first gives the factorization theorems for 
infinite bipartite graphs of finite degree already mentioned in connection 
with [24], [271 and [28], and their applications. He then proves the following 
factorization theorem for regular graphs whose degree is not finite: Let g’ be 
an infinite cardinal smaller then g, and G a regular graph of degree g with 
the property that any two vertices are connected by fewer than g’ edges; 
then G decomposes into a product of factors of the first degree. This 
theorem was later greatly generalized by Pal Erdos. 
The 14th and last chapter of the book coincides with the article [31] 
apart from one addition. In this addition he shows that his result is closely 
related to a famous result of P. Hall published in 1935 on distinct representa- 
tives of sets. 
* 
Finally, a few words should be said about D&es K&rig’s last work [33]. It 
is the text of the report he delivered on 30 January 1941 on the occasion of 
the 59th anniversary meeting of the Lorand E&v& Mathematical and 
Physical Society, in his capacity as secretary of the Society. The report 
describes what were perhaps the most glorious 50 years of Hungarian 
mathematics and physics. He takes note of every important event, even those 
that were not officially a part of the activities of the Society. And that was of 
course well and just, since the Society was directly or indirectly connected 
with all domestic events in mathematics and physics. The report reveals the 
love and care which K&rig devoted to the activities of the Society 
throughout his life. Although the retrospective lecture was given during the 
darkest hours of the war, in his conclusion Kiinig expresses optimism about 
the future of the Society. Unfortunately, he did not live to see the realization 
of his hopes. Nor could he enjoy the great success of his book, or see the 
result of his efforts that he most fervently desired: the rapid development of 
graph theory. 
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